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Abstract Inertial navigation system (INS) and global position system (GPS) tech-
nologies have been widely utilized in many positioning and navigation applications.
Each system has its own unique characteristics and limitations. In recent years, the
integration of the GPS with an INS has become a standard component of high-
precision kinematics systems. The integration of the two systems offers a number of
advantages and overcomes each system’s inadequacies. In this paper an inertial error
model is developed which can be used for the GPS/INS integration. This model is
derived by employing the Stirling’s interpolation formula. The Bayesian Bootstrap
Filter (BBF) is used for GPS/INS integration. Bootstrap Filter is a filtering method
based on Bayesian state estimation and Monte Carlo method, which has the great
advantage of being able to handle any functional non-linearity and system and/or
measurement noise of any distribution. Experimental result demonstrates that the
proposed model gives better positions estimate than the classical model.

Keywords Navigation - GPS/INS integration - Stirling’s interpolation Bayesian
Bootstrap Filter

1 Introduction

Most vehicle navigation systems estimate the vehicle position from Inertial Naviga-
tion System (INS) [1] and Global Positioning System (GPS) [2]. GPS is the most
attractive one for the vehicle navigation system. This is because the position can
be calculated on the globe if more than four satellites are detected. GPS can pro-
vide positioning and navigation information quickly and accurately at relatively low
cost. GPS has made a significant impact on almost all positioning and navigation
applications. However, GPS alone is insufficient to maintain continuous positioning
because of inevitable obstructions caused by buildings and other natural features.

K. Touil (=)

Laboratoire d’Analyse des Systemes du Littoral, (LASL-EA 2600), Université du Littoral Cote
d’Opale, 62228 Calais Cedex, France

e-mail: Khalid.Touil @lasl.univ-littoral.fr

S. Lee et al. (eds.), Multisensor Fusion and Integration for Intelligent Systems, 3
Lecture Notes in Electrical Engineering 35, DOI 10.1007/978-3-540-89859-7_1,
© Springer-Verlag Berlin Heidelberg 2009



4 K. Touil et al.

GPS appears then as an intermittent positioning system that demands the help of an
INS. INS is one of the most widely used dead reckoning systems [3]. It can provide
continuous position, velocity, and also orientation estimates, which are accurate for
a short term, but are subject to drift due to sensors drifts. Unfortunately, most of the
available positioning technologies have limitations either in accuracy of the abso-
lute position GPS accumulated error INS. In general, GPS/INS integration provides
reliable navigation solutions by overcoming each of their shortcomings, including
signal blockage for GPS and growth of position errors with time for INS. Integration
can also exploit advantages of the two systems, such as the uniform high accuracy
trajectory information of GPS and the short term stability of INS. In this paper
an inertial error model is developed which can be used for the GPS/INS integra-
tion. This model is derived by employing the Stirling’s interpolation formula [4].
It is independent on the initial state and can avoid the divergence problem, but its
drawback is the heavy computational load in the update stage. The Bayesian Boot-
strap Filter (BBF) is used for GPS/INS integration [5]. Bootstrap Filter is a filtering
method based on Bayesian state estimation and Monte Carlo method, which has
the great advantage of being able to handle any functional non-linearity and system
and/or measurement noise of any distribution. The paper is organized as follows. In
Sect. 2, we introduce an overview of approximation techniques. Section 3 presents a
dynamic and measurement models. In Sect. 4, a Bayesian Bootstrap Filter algorithm
is described. Experimental results are presented to demonstrate the accuracy of the
proposed model in Sect. 5. Finally, Conclusions are made in Sect. 6.

2 Overview of Approximation Techniques

Numerous approximation techniques for point estimation on nonlinear systems have
been proposed. This section deals with polynomial approximations of arbitrary
functions. In particular we will compare approximations obtained with Taylor’s
formula and Stirling’s interpolation formula.

2.1 Taylor-Series Approximation

Taylor-Series expansion (TSE) is a fundamental tool for handling nonlinearity [6].
We denote the nth-order TSE approximation of a function f at X by: f(x)~
TSE(x, n, X). For an analytic function f(x), it is given by:

J'(x)

TSEGe,n, %) = f() + f/E)x = ) + 5= = %
' (1)
G(x (¥
f (x)(x — X 4+ f (x)(x —X)"
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The principle of the TSE is that the approximation inherits still more characteris-
tics of the true function in one particular point as the number of terms increases.
Although the assumption that f is analytic implies that any desired accuracy can
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be achieved provided that a sufficient number of terms are retained, it is in general
advised to use a truncated series only in the proximity of the expansion point unless
the remainder terms has been properly analyzed. Several interpolation formulas
are available for deriving polynomial approximations that are to be used over an
interval. In the following we will consider one particular formula, namely Stirling’s
interpolation formula.

2.2 Stirling’s Interpolation Formula

Let the operators § and u perform the following operations (k2 denotes a selected
interval length):

srcy=fx+ )= px=t @)
2 2

1 h h
Mf(x)=§<f(x+§>—f(x—§>> 3)

With these operators Stirling’s interpolation formula used around the point x = X
can be expressed as [4]:

f&x) = f(x + ph) = f(X)+ pudf(x)

2
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In the case of first and second-order polynomial approximations, the formula (4) is
given by:

fD()

fO) = f@) + frp@)x — %) + L2 — %) ®)

where
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fop(®) = (6.b)

In Fig. 1, the expansion point is X = 0 and for the interpolation formula the
interval length was selected to 4 = 3.5. The solid line shows the true function, the
dot-dashed line is the second-order Taylor approximation while the dashed line is
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Fig. 1 Comparison of a i
second-order polynomial 6
approximation obtained with
Taylor’s formula and

Stirling’s formula 2

the approximation obtained with the Stirling’s interpolation formula. Obviously, the
Taylor polynomial is a better approximation near the expansion point while further
away the error is much higher than for the approximation obtained with the Stir-
ling’s interpolation formula. In the following two sections we are going to use the
Stirling’s interpolation formula in a dynamic model of the INS and in a Bayesian
Bootstrap filtering.

3 Dynamic and Measurement Models

In this paper, we propose to use two kinds of sensors:

e Absolute position measurements issued from a GPS. The design of the GPS
requires four satellites to be tracked in order to solve for three dimensional posi-
tions.

e The INS provides us with rotation rate (gyroscopes) and acceleration (accelerom-
eters).

3.1 The Proposed Dynamic Model

The navigation frame inertial navigation equations can be described as:

jn D-1yn
o | = | Crft— QL+ Qv+ g" 7
G Cpl, — )
where
1/(M + h) 0 0
D! = 0 1/(N + h)cos ¢ 0 (8)

0 0 —1
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where () represents the skew symmetric matrix form of the rotation rate vector w,
Q! is the rotation rate of the e-frame with respect to the i-frame projected to the
n-frame, Qf?b is the outputs of the strapdown gyroscopes, Qf’n is the rotation rate of
the n-frame with respect to the i-frame projected to the b-frame, C;, is the direction
cosine matrix (DCM) from the n-frame to the b-frame [7], f is the specific force
vector defined as the difference between the true acceleration in space and the accel-
eration due to gravity, g" is the gravity vector and M, N are radii of curvature in the
meridian and prime vertical given by Schwarz and Wei [8].

The state vector is composed of the INS error that is defined as the devia-
tion between the actual dynamic quantities and the INS computed values §X =
X — Xns. The state model describes the INS error dynamic behaviour depending
on the instrumentation and initialization errors. It is obtained by using the second-
order polynomial approximations of Stirling’s interpolation formula (5) to the ideal
equation (7) around the INS estimates as follow:

§X = f(X,U)— f(Xins, Urns) )

X! fopXins, UINS)(S

8X = frp(Xins, Uins) 8X +6 o

X (10)

The state vector is usually augmented with systematic sensor errors:
8X = (8r,8v",8p, by, by, b, d) (11)

where all the variables are expressed in the navigation frame NED (North, East,
Down).

ér = (8¢, A, 8h) is the geodetic position error in latitude, longitude and altitude,
sv" = (Svy, , 6vg, Svp) is the velocity error vector,

8p is the attitude (roll, pitch, and yaw) error vector,

b, and b, represent the accelerometers and gyrometers biases,

b = ct, and d are respectively the GPS clock offset and its drift. 7, is the receiver
clock offset from the GPS time and c is the speed of light (3 x 10%m/s).

For short-term applications, the accelerometers and gyrometers can be properly
defined as random walk constants b, = w, and bg = wg. Note that the standard
deviations of the white noises w, and w, are related to the sensor quality. The nav-
igation solution also depends on the receiver clock parameters b and d models as
b =d+ wp and d = wy, where w;, and w, are mutually independent zero-mean
Gaussian random variables [9]. For simplicity, denote as X (instead of § X) the state
vector.

For each je[l1, length of X jyg «], the discrete-time state model takes the follow-
ing form:

. . 1 .
Xins i1 = ArXvsx + §X9NS,kB§XINS,k + v} (12)
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where v, denote the dynamical zero-mean Gaussian noise vector with associated
covariance matrix >, A,ﬁ and B,f are obtained by using respectively (6.a) and (6.b)
to the j-th element of the second member of (7).

In the classical dynamic model, the state equation is given by the following form:

Xnsk+1 = A X NSk + vk (13)

where Ay is a block diagonal matrix which elements are detailed in many standard
textbooks such as [9].

3.2 Measurement Equation

The standard measurement of the GPS system is the pseudo-range. This defines the
approximate range from the user GPS receiver antenna to a particular satellite. Con-
sequently, the observation equation associated to the ith satellite can be defined as:

pi =V X =P+ Y =P+ (Zi =2+ b+ o (14)

wherei =1,...... , ng (recall that ng is the number of visible satellites). The vec-
tors (x, y, z)7 and (X;, ¥;, Z;)T are respectively the positions of the vehicle and the
ith satellite expressed in the rectangular coordinate system WGS-84 [9].

The position of the vehicle is transformed from the geodetic coordinate to the
rectangular coordinate system as follows:

X = (N + hins + 8h) cos(Arns + 8A) cos(¢rns + §¢)
y = (N + hins + 8h)sin(Arng + 8A) cos(@rns + S¢) (15)
7= (N1 =€)+ hyys + 8h)sin(g;ng + 8¢)

a

N/ 1—e2sin ¢

axis length and the eccentricity of the earth’s ellipsoid. The expression (15) has to
be substituted in (14) to obtain the highly nonlinear measurement equation:

where N = . The parameters a and e denote respectively the semi-major

Yars.k = &(Xins.x) + Bk (16)

where B ~ N(0,3p) and Yeps = (o1, -..... , Pn)-

In the Bayesian bootstrap filter, it is not necessary that the measurement noise S
must be the white Gaussian. Now we can apply the bootstrap filter using the above
system dynamic and measurement models.



Performance Analysis of GPS/INS Integrated System 9
4 Bayesian Bootstrap Filter

The Bayesian bootstrap filtering approach is to construct the conditional probability
density function (PDF) of the state based on measurement information [10]. The
conditional PDF can be regarded as the solution to the estimation problem. We shall
briefly explain the recursive Bayesian estimation theory and the Bayesian Bootstrap
filter.

4.1 Recursive Bayesian Estimation

The system model is assumed to have the discrete form:

X1 = f (o1, we) (17)

where f : IR" x IR™ — IR" is the system transition function and w; € IR™
is a zero-mean noise process independent of the system states. The PDF of wy is
assumed to be known as p,,(wy). At discrete time, measurements are denoted by
vk € IR?, which are related to the state vector via the observation equation:

Yk = h(xg, vi) (18)

where & : IR" x IR” — IR? is the measurement function, and v, € IR" is the
observation noise, assumed to be another zero mean random sequence independent
of both state variable x; and the system noise wy. The PDF of v is assumed to
be known as p,(vr). The set of measurements from initial time step to step k is
expressed as Yy = {y; }le. The distribution of the initial condition xq is assumed to
be given by p(xo/Yo) = p(xo).

The recursive Bayesian filter based on the Bayes’ rule can be organized into the
time update state and the measurement update stage [11]. The time update state can
be constructed as:

PO/ Y1) = /P(Xk/xk—l) X p(xr—1/ YicDdxr—y (19)

where p(xy/xi—1) is determined by f(xx_1, wx—1) and the known PDF p,,(wj_1).
Then at time step k, a measurement y; becomes available and may be used to update
the prior according to the Bayes’ rule:

PV /xi) X pCxx/ Y1)

Y,) =
PO/ Yi) S pOi/x1) x p(xi/ Yio1)dxy

(20)

where the conditional PDF p(yy/x;) is determined from the measurement model
and the known PDF, p,(vy).
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4.2 Bayesian Bootstrap Filter

The Bayesian Bootstrap Filter (BBF) is a recursive algorithm to estimate the poste-
rior p(xy/Y;) from a set of samples [10]. Suppose we have a set of random samples
{xx_1(@) :i =1, ..., N} from the PDF p(x;_;/Yr_1). Here, N is the number of Boot-
strap samples. The filter procedure is as follows:

e Prediction: Each sample from PDF p(x;_;/Y;—1) is passed through the system
model to obtain samples from the prior at time step k:

xp (@) = fxem1(@), wi(@)) ey

where wy(7) is a sample draw from PDF of the system noise p,,(wy).
e Update: on receipt of the measurement y;, evaluate the likelihood of each prior
sample and obtain the normalized weight for each sample:

q;i = M (22)

N
Z} POk/x¢(J))
iz

Define a discrete distribution over {x;(i): i =1, ..., N}, with probability mass
q; associated with element i. Now resample N times from the discrete distribution
to generate samples {x;(i) : i = 1, ..., N}, so that for any j, Prob {x;(j) = x; (i)} =
q;. It can be contented that the samples x;(i) are approximately distributed as the
required PDF p(x;/Y;) [10]. Repeat this procedure until the desired number of time
samples has been processed. The resampling update stage is performed by drawing
a random sample u; from the uniform distribution over [0, 1]. The value x;(M)
corresponding to:

M—1 M
dYgi<ui<) g (23)
j=0 j=0

where gy = 0, is selected as a sample for the posterior. This procedure is repeated
fori = 1,..., N. It would also be straightforward to implement this algorithm on
massively parallel computers, raising the possibility of real time operation with very
large sample sets.

5 Simulation

The analysis of some simulations will enable us to evaluate the performance of
the proposed model by using the BBF. The kinematics data used were generated
by SatNav Toolbox for Matlab created by GPSoft. A GPS-INS simulation can be
divided into three parts:
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e Trajectory: the vehicle dynamics is simulated according to position-velocity-
acceleration model.

o INS data: the INS estimates of the vehicle dynamics are then computed for
low cost inertial sensors. The accelerometer bias instability and random walk
are given by 1073m/s> and 4.5 m/s/+/hour. The gyrometer bias instability and
random walk are given by 5 deg/hour and 16deg/+/hour.

e GPS data: the pseudo-ranges corresponding to the visible satellites from the
vehicle is evaluated (the standard deviations of the GPS measurements noises
are chosen as og, = 10 m for pseudo-range).

We have fixed the number of particles of the BBF to 2000 and the time of sim-
ulation is equal to 1200s. In our work, we compare the proposed method with the
classical method [5] for the following two cases:

e Vehicle Dynamics is moderate (i.e., the speed of vehicle is between 10 and
50 m/s).
e Vehicle Dynamics is fast (i.e., the speed of vehicle is between 100 and 200 m/s).

5.1 First Case

The obtained results by using the proposed method and the classical method are
compared for simulation duration of 1200 s. For each method, the horizontal posi-
tioning root mean square error and the horizontal velocity root mean square error
are competed from 100 Monte Carlo runs. Figures 2 and 3 shows the results
obtained with the classical method (solid-line) and proposed method (dashed-line).

12 T T T T T
10} 4
Classical method
B ‘ §
\Y v 3 h i I
8 Ny [ ! ] i’ \¥ &5 l |
(e . ¢ -
v ) LAY, U l THL A
o !-‘A h "“5" oy L 1 v 1 " " v * oW i
v Y 8 V"'
2r Proposed method ]
% %0 40 = 520 1010 1200

Fig. 2 Horizontal positioning root mean square error (m) as a function of time (s)
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Fig. 3 Horizontal velocity root mean square error (m/s) as a function of time (s)

In Figs. 2 and 3, we note that the both method have the same precision. It is due to
the dynamics errors which are reasonable (where the local linearization is possible).

5.2 Second Case

The Figs. 4 and 5 represent respectively the horizontal positioning root mean square
error and the horizontal velocity root mean square error, which are competed from
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Fig. 4 Horizontal positioning root mean square error (m) as a function of time (s)
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Fig. 5 Horizontal velocity root mean square error (m/s) as a function of time (s)

Table 1 Root mean errors during satellites outage for first case

Horizontal positioning (m)  Horizontal velocity (m/s)

Proposed method 6.9 3.65
Classical method 7.43 3.81

Table 2 Root mean errors during satellites outage for second case

Horizontal positioning (m)  Horizontal velocity (m/s)

Proposed method ~ 10.32 7.11
Classical method 15 14.73

100 Monte Carlo runs. In Figs. 4 and 5 the solid-line and dashed-line represent
respectively the results obtained by classical method and proposed method. In
Figs. 4 and 5, we note that the proposed method give better precision that the
classical method. It is due to the dynamics errors which are fast (where the local
linearization is not possible).

Finally a complete GPS signal outage of 50 s was introduced within the GPS data
and both methods were used to predict the INS dynamic, during this period. The root
mean square errors of the two methods in this period are compared respectively in
Tables 1 and 2 for first case and second case.

6 Conclusion

This paper has studied the performance analysis of GPS/INS integrated system
by using a non-linear mathematical model. This model is derived by employing
the second-order polynomial approximation obtained with Stirling’s formula. The
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Bayesian Bootstrap Filter (BBF) is used for GPS/INS integration. In the simulation
results, we showed that the proposed model gives better positions estimate than the
classical model where the vehicle dynamics is fast. But, the disadvantage of the
proposed model is the computing time compared to the classic model. The next step
of this work is to validate the performance of the proposed model on the real data.
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